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Abstract
In a recent paper [2] we proved that
inf
|zk|=1
max
ν=1,...,n2−n
∣∣∣∣∣
n∑
k=1
z
ν
k
∣∣∣∣∣ =
√
n− 1
when n − 1 is a prime power. We also proved that a construction of
Fabrykowski of an explicit n-tuple (z1, . . . , zn) provided a global minimum
to the problem. The construction depends on the construction of perfect
difference sets of order n − 1. As an open problem we asked whether we
could obtain all global minima by this construction. In this paper we will
show that this is in fact true and we furthermore prove that
inf
|zk|=1
max
ν=1,...,n2−n
∣∣∣∣∣
n∑
k=1
z
ν
k
∣∣∣∣∣ >
√
n− 1
in case there exist no perfect difference set of order n − 1. A well known
conjecture states that each perfect difference set must have prime power
order.
1 Introduction
Throughout this paper we will let
S(ν) =
n∑
k=1
zνk (1)
denote the pure power sums. In the papers [1],[2] and [3] we considered Tura´n’s
problem 10 which is to estimate
(∗) = inf
|zk|≥1
max
ν=1,...,n2
|S(ν)|.
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We showed already in [1] that
√
n ≤ (∗) ≤ √n+ 1 if n+1 is a prime. In general
we have that
√
n ≤ (∗) (see [1]) and (∗) = √n+O(n0.2625+ǫ) (see [3]). It would be
interesting to find an explicit solution (in terms of minimal systems (z1, . . . , zn))
to this inf max problem, but due to lack of success in this we considered (see [2])
the modified problems
(∗∗) = inf
|zk|≥1
max
ν=1,...,n2−2
|S(ν)| ,
and
(∗ ∗ ∗) = inf
|zk|=1
max
ν=1,...,n2−n
|S(ν)| .
We proved that (∗∗) = √n if n is a prime power and (∗ ∗ ∗) = √n− 1 if n − 1
is a prime power. We gave explicit solutions and asked whether these were the
only solutions possible. In this paper we will answer this question in the case
(∗ ∗ ∗) ([2], Problem 2). In our paper we used a theorem independently proved
by Newman, Cassels and Szalay (Szalay [8] and Theorem 7.3 of Tura´n [9]) to get
a lower bound, and our solution will come from examining the steps of the proof
of that theorem (compare the proof of Lemma 1 below and page 81 in Tura´n [9])
and modifying the proof to better fit our purpose.
2 A lower bound
Lemma 1. Suppose that (z1, . . . , zn) is an n-tuple of unimodular complex num-
bers. One then has that
(i) maxν=1,...,n2−n |S(ν)| ≥
√
n− 1.
(ii) If the inequality in (i) holds with equality, then |S(ν)| = √n− 1 for all
ν = 1, . . . , n2 − n.
Proof. Let θk be defined so that zk = e(θk). Then
S(ν) =
n∑
k=1
e(νθk). (e(x) = e
2πix)
Let
Fm(t) =
m−1∑
ν=1−m
(
1− |ν|
m
)
e(νt)
be the m’th Feje´r kernel. The Feje´r kernel can be written as
Fm(t) =
1
m
(
sin pimx
sin pix
)2
, (2)
2
and is thus non negative. We have that
m−1∑
ν=1−m
(
1− |ν|
m
)
|S(ν)|2 =
n∑
k,l=1
Fm(θk − θl),
which by the contribution of the diagonal k = l, and the non negativity of the
Feje´r kernel implies that
m−1∑
ν=1−m
(
1− |ν|
m
)
|S(ν)|2 ≥ nFm(0).
By letting m = n2 − n+ 1 and |S(ν)|2 = n− 1 + εν we get
n2−n∑
ν=n−n2
(
1− |ν|
n2 − n + 1
)
εν ≥ Fn2−n+1(0).
By the fact that |S(ν)| = |S(ν)| we have that ε−ν = εν . By furthermore using the
facts that Fn2−n+1(0) = n
2 − n + 1 and ε0 = n2 − n+ 1, we obtain the following
inequality
n2−n∑
ν=1
(
1− ν
n2 − n + 1
)
εν ≥ 0.
This implies that for at least one 1 ≤ ν ≤ n2 − n we have that εν ≥ 0, which
implies (i). Furthermore if all εν ≤ 0 then εν = 0 for all ν = 1, . . . , k which
implies (ii)
Lemma 2. Let (z1, . . . , zn) be an n-tuple of unimodular complex numbers. Then
the following statements are equivalent:
(i) S(ν) = 0 for ν = 1, . . . , n− 1.
(ii) The numbers zk are the n vertices of a regular n-gon on the unit circle.
Proof. The fact that (ii) =⇒ (i) is immediate. Remains to prove that (i) =⇒
(ii). Consider the polynomial
p(x) =
n∏
k=1
(x− zk) = xn + a1xn−1 + · · ·+ an.
By the Newton-Girard identities
S(ν) + a1S(ν − 1) + · · ·+ aν−1S(1) + νaν = 0, (ν = 1, 2, . . . , n)
and the fact that S(ν) = 0 for ν = 1, . . . , n − 1 we find that aν = 0 for ν =
1, . . . , n− 1. We see that
p(x) = xn + (−z1) · · · (−zn) = xn − w
for some complex number w with |w| = 1.
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3 Perfect Difference sets
Lemma 3. (Singer [7]) Let q be a prime power. Then there exists a perfect
difference set of order q or in other words integers a1, . . . , aq+1 such that the
integers ai − aj for i 6= j form all non zero residues mod q2 + q + 1.
Proof. This follows by the use of projective planes over finite fields (See Singer
[7]).
Conjecture 1. (The prime power conjecture) There only exist perfect different
sets of order q if q is a prime power.
The prime power conjecture has been proved for a lot of special cases. If
n ≡ 1, 2 (mod 4) and can not be written as a sum of two squares then there
exist no perfect difference set of order n (Bruck-Ryser [5]). In case n ≥ 6 and
n ≡ 3, 6 (mod 9) (Wilbrink [10]). Finally it has been proved for n < 2 · 109
(Baumert-Gordon [4]). We remark here that the problem that a general finite
projective plane has prime power order is more difficult (The Bruck-Ryser result
is still true, but other methods fails), and is yet to be proved true for n = 12.
Conjecture 1 is equivalent to the conjecture that a finite cyclic projective plane
must have prime power order.
4 Main result
Theorem 1. Let (z1, . . . , zn) be an n-tuple of unimodular complex numbers. Then
the following statements are equivalent:
(i) |S(ν)| = √n− 1 for ν = 1, . . . , n2 − n.
(ii) There exist a complex number α with |α| = 1 and a perfect difference set
(a1, . . . , an) of order n− 1 (which means that ai− aj for i 6= j form all non
zero residues mod n2 − n+ 1) such that zk = α e
(
ak
n2 − n + 1
)
.
In case (i) and (ii) are false then one has that max
ν=1,...,n2−n
|S(ν)| > √n− 1.
Proof. By choosing
zk = αe(θk),
(
e(x) = e2πix
)
with
θk =
ak
n2 − n+ 1 , θ1 = 0 and |α| = 1,
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we see that
∣∣∣∣∣
n∑
k=1
zνk
∣∣∣∣∣
2
= n+
∑
k 6=l
e(ν(θk − θl)),
= n− 1 +
n2−n+1∑
j=1
e(νλj),
where λ1 = 0 and 0 ≤ λ2 ≤ · · · ≤ λn2−n+1 ≤ 1 consists of the n2 − n differences
θk − θl where k 6= l. Then
|S(ν)| = √n− 1 (ν = 1, . . . , n2 − n)
is equivalent to
n2−n+1∑
j=1
e(νλj) = 0. (ν = 1, . . . , n
2 − n)
By Lemma 2 this is true iff λj consists of the vertices of a regular (n
2 − n +
1)-gon. Since λ0 = 1 and λj is increasing this is true iff λj =
j
n2 − n+ 1.
This is equivalent to the fact that ai − aj for i 6= j form all non zero residues
mod n2 − n + 1. That the aj’s are furthermore integers follows by the fact that
θk = θk − 0 = θk − θ0 = jk
n2 − n + 1 for integers jk. This means that (a1, . . . , an)
form a perfect difference set of order n − 1. In case |S(ν)| 6= √n− 1 for some
1 ≤ ν ≤ n2 − n then it follows from Lemma 1 that |S(ν)| > √n− 1 for some
1 ≤ ν ≤ n2 − n.
As consequences of our theorem we have the following corollaries:
Corollary 1. Suppose that there exist no perfect difference set of order n − 1.
Then one has that
inf
|zk|=1
max
ν=1,...,n2−n
|S(ν)| > √n− 1.
Corollary 2. The prime power conjecture is equivalent to the following state-
ment: Suppose that n− 1 is not a prime power. Then
inf
|zk|=1
max
ν=1,...,n2−n
|S(ν)| > √n− 1.
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Corollary 3. Suppose that n− 1 is a prime power. Then one has that
inf
|zk|=1
max
ν=1,...,n2−n
|S(ν)| = √n− 1,
and every minimal system is given by the construction zk = αe
(
ak
n2 − n+ 1
)
of Fabrykowski with |α| = 1 and where (a1, . . . , an) is a perfect difference set of
order n− 1.
Proof. This follows from Theorem 1 and Lemma 3 with q = n − 1. Further
discussion of the Fabrykowski construction is given in [6] and [2].
References
[1] J. Andersson. On some power sum problems of Tura´n and Erdo˝s. Acta
Math. Hungar., 70(4):305–316, 1996.
[2] Explicit solutions to certain inf max problems from Turan power
sum theory, 2006. arXiv:math.NT/0607238.
[3] Tura´n’s problem 10 revisited. arXiv:math.NT/0609271.
[4] Leonard D. Baumert and Daniel M. Gordon. On the existence of cyclic
difference sets with small parameters. In High primes and misdemeanours:
lectures in honour of the 60th birthday of Hugh Cowie Williams, volume 41
of Fields Inst. Commun., pages 61–68. Amer. Math. Soc., Providence, RI,
2004.
[5] R. H. Bruck and H. J. Ryser. The nonexistence of certain finite projective
planes. Canadian J. Math., 1:88–93, 1949.
[6] J. Fabrykowski. A note on sums of powers of complex numbers. Acta Math.
Hungar., 62(3-4):209–210, 1993.
[7] J. Singer. A theorem in finite projective geometry and some applications to
number theory. Trans. Amer. Math. Soc., 43(3):377–385, 1938.
[8] M. Szalay. On number theoretical extremal problems. Thesis, 1974.
[9] P. Tura´n On a new method of analysis and its applications. Pure and Applied
Mathematics (New York). John Wiley & Sons Inc., New York, 1984. With
the assistance of G. Hala´sz and J. Pintz, With a foreword by Vera T. So´s, A
Wiley-Interscience Publication.
[10] H. A. Wilbrink. A note on planar difference sets. J. Combin. Theory Ser.
A, 38(1):94–95, 1985.
6
